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THE PUTNAM-FUGLEDE THEOREM FOR PARANORMAL
OPERATORS
AHMED BACHIR, PATRYK PAGACZ
Abstract. The well-known asymmetric form of Putnam-Fuglede theorem as-
serts that if A ∈ B(H) and B ∈ B(H) are normal operators and AX = XB∗
for some X ∈ B(H), then A∗X = XB.
In this paper we showed that the above theorem does not hold for paranor-
mal operator A, even if we assume that B has to be unitary and an operator
X is taken from Hilbert-Schmidt class.
Additionally, we showed the similar resualt for ∗-paranormal operators.
1. Introduction
Throughout this paper, H denotes an infinite dimensional complex Hilbert space
with inner product 〈·,−〉 and B(H) denotes the algebra of all bounded linear op-
erators acting on H. Spectrum, point spectrum, residual spectrum, continuous
spectrum and approximate spectrum of an operator T will be denoted by σ(T ),
σp(T ), σr(T ), σc(T ), σap(T ), respectively. The kernel and the range of an operator
T will be denoted by kerT and R(T ).
For any operator T ∈ B(H), set, as usual |T | = (T ∗T )1/2 and [T ∗, T ] = T ∗T −
TT ∗ (the self-commutator of T ), and consider the following standard definitions:
T is hyponormal if |T ∗|2 ≤ |T |2 (i.e. if [T ∗, T ] is nonnegative or, equivalently, if
‖T ∗x‖ ≤ ‖Tx‖ for every x ∈ H), normal if T ∗T = TT ∗. In [22] the class of ∗-
paranormal operators was introduced. An operator T is said to be ∗-paranormal
iff ‖T ∗x‖2 ≤ ‖T 2x‖‖x‖, for all x ∈ H, or equivalently, T ∈ B(H) is a ∗-paranormal
iff T ∗2T 2 − 2λTT ∗ + λ2 ≥ 0, for all λ > 0. Another well-known generalization of
hyponormal operators are paranormal operators (see [14]). An operator T ∈ B(H)
is said to be a paranormal iff ‖Tx‖2 ≤ ‖T 2x‖‖x‖, for all x ∈ H. An operator
T ∈ B(H) belongs to the Hilbert-Schmidt class iff
∞∑
n=1
‖Ten‖2 < ∞, for some
orthogonal basis {en}∞n=1. The Hilbert-Schmidt class will be denoted by C2(H).
The familiar Putnam-Fuglede’s theorem asserts that if A ∈ B(H) and B ∈
B(H) are normal operators and AX = XB for some X ∈ B(H), then A∗X =
XB∗ (see [24]). A simple example of two unilateral shifts shows that this theorem
cannot be extended to the class of hyponormal operators. Let us overwrite the
Puntnam-Fuglede’s theorem in an asymmetric form: if A ∈ B(H) and B ∈ B(H)
are normal operators and AX = XB∗ for some X ∈ B(H), then A∗X = XB.
Many authors extended this theorem for several nonnormal classes of operators(see
[1, 2, 3, 10, 11, 13, 15, 16, 17, 19, 23, 25, 26, 27, 28]). The topic was also investigate
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in the case of unbounded operators(see [18, 20]). In this paper we showed that an
asymmetric Putnam-Fuglede theorem cannot be extended to the case of paranormal
operators modulo Hilbert-Schmidt class operators.
2. Putnam-Fuglede Theorem for paranormal operators modulo
Hilbert-Schmidt class does not hold
In this section we improve the resualt from [21].
All powers of hyponormal operator are paranormal (see [9]), but not necessary
hyponormal (see [12, 25]). In [25] Radjabalipour showed that for each A and B
such that A,B∗ are the same powers of some hyponormal operators, the Putnam-
Fuglede’s theorem holds true. In [21] we gave an example of paranormal operator
S, a unitary operator U and orthogonal projection P such that SP = PU , but
S∗P 6= PU∗. This shows that asymmetric Putnam-Fuglede theorem for paranor-
mal operators does not hold. Many authors extended asymmetric Putnam-Fuglede
theorem with additional assumption that X belongs to the Hilbert-Schmidt class
(see [3, 10, 11, 27]). Below, we improve our example to the case that P is one-
dimension projection, in particular P is a Hilbert-Schmidt operator.
Example 1. Let T : l2 ∋ (x0, x1, x2, . . . ) 7→ (x0 + x1, x1, x1,
√
8x2,
√
8x3, . . . ) ∈ l2.
This operator can be express as follows
T =


1 1 0 0 0 . . .
0 1 0 0 0 . . .
0 1 0 0 0 . . .
0 0
√
8 0 0 . . .
0 0 0
√
8 0 . . .
...
...
...
...
...
. . .


∈ B(l2).
The operator T is paranormal.
Let h ∈ l2, then h = αe0+βe1+
∞∑
n=2
γnen, where {en}n∈N is an orthogonal basis
of l2. Since three sets {αe0 + βe1, e2, e3, . . . }, {T (αe0 + βe1), T e2, T e3, . . . } and
{T 2(αe0 + βe1), T 2e2, T 2e3, . . . } consist of orthogonal vectors, we have
‖T 2h‖2−2λ‖Th‖2+λ2‖h‖2 = ‖T 2(αe0+βe1)‖2−2λ‖T (αe0+βe1)‖2+λ2‖αe0+βe1‖2+
+
∞∑
n=2
‖T 2γnen‖2 − 2λ‖Tγnen‖2 + λ2‖γnen‖2.
Now let us observe that
‖T 2γnen‖2 − 2λ‖Tγnen‖2 + λ2‖γnen‖2 = ‖γnen‖2(λ− 8)2 ≥ 0.
Moreover,
‖T 2(αe0 + βe1)‖2 − 2λ‖T (αe0 + βe1)‖2 + λ2‖αe0 + βe1‖2 =
= |αe0 + β + β|2 + |β|2 + 8|β|2 − 2λ(|αe0 + β|2 + 2|β|2) + λ(|α|2 + |β|2) =
= |(1− λ)α + 2β|2 + (3− t)2|β|2 ≥ 0.
Thus for every positive number λ and h ∈ H we get ‖T 2h‖2−2λ‖Th‖2+λ2‖h‖2 ≥ 0.
Hence T is paranormal. If we take P an projection onto one-dimension space C
and U = Id, then we get TP = PU , but T ∗Pe0 = e0 + e1 6= e0 = PU∗e0.
We would like to suggest a natural question.
3Problem 2. Let T ∈ B(H) be a paranormal. Let N ∈ B(H) be normal. Assume
that TX = XN , for some operator X ∈ B(H) with a dense range. It is true that
T ∗X = XN∗?
3. Putnam-Fuglede Theorem for ∗-paranormal operators
In this section we give a different proof for the main result form [21].
A simple consequence of definotion is known property of ∗-paranormal operators
(see [8]).
Lemma 3. Let T ∈ B(H) be a ∗-paranormal operator. If an element x ∈ H is such
that Tx = λx, then T ∗x = λx.
Remark 4. The above lemma is not true for paranormal operators. The Example
1 shows that.
To show the main theorem of this section we need the following proposition.
Proposition 5. Let A be an ∗-paranormal operator and U be a unitary operator.
Then the operator A⊗ U is ∗-paranormal.
Proof. An operator T is ∗-paranormal if and only if
T ∗2T 2 − 2λTT ∗ + λ2 ≥ 0,
for all λ > 0.
Let us fixed λ > 0 and calculate
(A⊗ U)∗2(A⊗ U)2 − 2λ(A⊗ U)(A⊗ U)∗ + λ2 =
A∗2A2 ⊗B∗2B2 − 2λ(AA∗ ⊗BB∗) + λ2 =
A∗2A2 ⊗ Id− 2λ(AA∗ ⊗ Id) + λ2 =
A∗2A2 ⊗ Id− 2λ(AA∗ ⊗ Id) + λ2(Id⊗ Id) =
(A∗2A2 − 2λAA∗ + λ2Id)⊗ Id ≥ 0.
This completes the proof. 
Theorem 6. If A ∈ B(H) is a *-paranormal operator and U is a unitary operator
AX = XU , for some X in C2(H), then A∗X = XU∗.
Proof. For each pair of operators A,B ∈ B(H), there is an operator ΓA,B defined
on C2(H) via the formula ΓA,B(X) = AXB in [5]. Obviously, ‖ΓA,B‖ ≤ ‖A‖‖B‖.
The adjoint of ΓA,B is given by the formula Γ
∗
A,B(X) = A
∗XB∗; see details [5].
The unitary operator U : C2(H) → H⊗H by a map (x ⊗ y)∗ → x ⊗ y induces
the *-isomorphism Ψ : B(C2(H)) → B(H ⊗ H) by a map X → UXU∗. Then we
can obtain Ψ(ΓA,B) = A⊗B∗; see details [6].
The equation AX = XU is equivqlent to AXU∗ = X . Thus ΓA,U∗(X) = X , but
by Proposition 5 and Ψ correspondents ΓA,U∗ is a *-paranormal operator. Hence by
Lemma 3 we have Γ∗A,U∗(X) = X . Finally we get A
∗XU = X , which is equivalent
to A∗X = XU∗. 
Problem 7. Let T1 ∈ B(H) be a ∗-paranormal and T ∗1 ∈ B(H) be a ∗-paranormal.
Assume that T1X = XT2, for some operator X ∈ B(H). It is true that T ∗1X =
XT ∗2 ?
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